Abstract -A novel state dependent control approach for continuous-time nonlinear systems with general performance criteria is presented in this paper. This controller is optimally robust for model uncertainties and resilient against control feedback gain perturbations in achieving general performance criteria to secure quadratic optimality with inherent asymptotic stability property together with quadratic dissipative type of disturbance reduction. For the system model, unstructured uncertainty description is assumed, which incorporates commonly used types of uncertainties, such as norm-bounded and positive real uncertainties as special cases. By solving a state dependent linear matrix inequality at each time, sufficient condition for the control solution can be found which satisfies the general performance criteria. The results of this paper unify existing results on nonlinear quadratic regulator, H ∞ and positive real control. The effectiveness of the proposed technique is demonstrated by simulations of the nonlinear control of the Furuta pendulum.
systems, circuits and controls. The theory of dissipative systems generalizes the basic tools including the passivity theorem, bounded real lemma, Kalman-Yakubovich lemma and circle criterion. Dissipativity performance includes ∞ H performance, passivity, positive realness, sector bounded constraint as special case. Research addressing the problems of ∞ H and positive real control systems can be found in [9] [10] [11] [12] [13] . Control of uncertain linear systems with 2 L -bounded structured uncertainty satisfying ∞ H and passivity criteria have been tackled in [14] [15] [16] [17] . More recent development involving the quadratic dissipative control for linear systems problem has been tackled in [18] - [19] .
In this paper, we further consider the problem of optimal, robust and resilient linear matrix inequality control of continuous-time nonlinear systems with general performance criteria. The controller is robust for model uncertainties and resilient for control gain perturbations. As for uncertain nonlinear systems, we consider a general form of 2 Lbounded uncertainty description, without any standard structure, incorporating commonly used types of uncertainty, such as norm-bounded and positive real uncertainties as special cases. The purpose behind this novel approach is to convert a nonlinear system control problem into a convex optimization problem which is solved by state dependent LMI. The recent development in convex optimization provides very efficient algorithms for solving LMIs. If a solution can be expressed in a LMI form, then there exist optimization algorithms providing efficient global numerical solutions [20] . Therefore if the LMI is feasible, then LMI control technique provides asymptotically stable solutions satisfying various general performance criteria. We further propose to employ general performance criteria to design the controller guaranteeing the quadratic sub-optimality with inherent stability property in combination with dissipativity type of disturbance attenuation. The general performance criteria is a generalization of the nonlinear quadratic regulator, H ∞ , positive realness and sector bounded constraint, and therefore, the results of the paper unify existing results on nonlinear quadratic regulator, H ∞ and positive real control.
The paper is organized as follows. In section II, we will present the general performance criteria including the performance of nonlinear quadratic regulator, H ∞ , positive realness and sector bounded constraint. Section III presents the state dependent LMI based control for nonlinear systems achieving general performance criteria. Finally, Furuta pendulum is used for applying the algorithm to underactuated robots with nonlinear dynamics to examine the effectiveness of the new approach in Section IV.
II. SYSTEM MODEL AND MIXED PERFORMANCE CRITERIA ANALYSIS
The following notation is used in this work: + ℜ stands for the set of non-negative real numbers, n ℜ stands for the n- 
Consider the following nonlinear dynamical system equation and performance output equation
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= = + ∆ + + ∆ ⋅ + + ∆  (1) ( ) ( ) ( ) ( ) ( ) ( ) , z t g x t w t C x t D w t = = ⋅ + ⋅ (2) where ( ) n x t ∈ ℜ state variable of the dynamical system ( ) m u t ∈ ℜ applied input ( ) p w t ∈ ℜ 2 L type of disturbance ( ) r z t ∈ ℜ performance output function , f g smooth real vector function n n A × ∈ ℜ , n m B × ∈ ℜ , n p E × ∈ ℜ , r n C × ∈ ℜ , r p D × ∈ ℜ state-dependent coefficient matrices n n A × ∆ ∈ ℜ , n m B × ∆ ∈ ℜ , n p E × ∆ ∈ ℜ
time-varying uncertainty matrices
It is assumed that the state feedback is available and the state feedback control input is given by ( ) 
with , Q R symmetric, the system (1), (2) with energy function (4) is said to be (Q,S,R)-dissipative if for some real function ( ) (2) is said to be strictly (Q,R,S)-dissipative.
Theorem 1:
Consider the quadratic function 0
2) control will achieve mixed NLQR and dissipative performance if the following condition holds:
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By integrating (7) from 0 to T, we have
implies ( )
which is the condition of (Q,S,R)-dissipative. By adding the terms T T
x Mx u Nu + , we include the nonlinear quadratic regulator control performance into the original (Q,S,R)-dissipative criteria. Q. E. D. Remark 1: Notice that both H ∞ and passivity are special cases of (Q,R,S)-dissipativity. The special cases are summarized as follows [5] ( ) ( )
K are constant matrices of appropriate dimensions, the strict (Q,S,R)-dissipativity reduces to a sector-bounded constraint [21] . The overall control design satisfies mixed NLQR-sector bounded constraint performance.
Before introducing the main result of the paper, the following model of uncertainties is introduced.
Assumption 1:
The following general form of 2 L -bounded unstructured uncertainties is considered:
for n x ∀ ∈ ℜ and 0 t ≥ .
III. STATE DEPENDENT LINEAR MATRIX INEQUALITY CONTROL
Lemma 1: 
Since in the presentation below, P will be used to describe the energy content, which needs to decrease due to the asymptotic stability requirement,
matrix will be increasing in time. Therefore, we have 0
The following theorem summarizes the main results of the paper: Theorem 2: Given the system equation (1), performance output equation (2) 
where 
Then the performance index inequality (7) is satisfied. The nonlinear feedback control gain is given by
In the proof below, the time and state argument will be dropped for notational simplicity. By applying system and performance output equations (1), (2) , and state feedback input equation (3), the performance index can be formed as follows: 
Pre-multiplying and post-multiplying the matrix Ψ with the block { } , diag X I , where
Then the following matrix inequality holds:
where
Applying Lemma 2 and Remark 2, we have 0
The sufficient condition for matrix inequality (22) to be held is to change term 11 Λ as follows: (29), (22) 
Since positive constants 1 5 ,..., α α are arbitrary, choosing all of them as 1, we obtain (16) . Therefore, if LMI (16) holds, the inequality (7) is satisfied. This concludes the proof of the theorem. ■ Remark 3: At this point, it is to be noted that other choices of constants 1 5 ,..., α α are possible and can be tried if the value 1 for all these constants does not work.
IV. FURUTA PENDULUM CONTROL WITH GENERAL PERFORMANCE CRITERIA Furuta pendulum is a benchmark nonlinear under-actuated system. Fig.1 shows a physical representation of the swingup pendulum system. The horizontal rotation of arm has length l, and is actuated by the motor. The angle of the arm with respect to the horizontal direction is denoted as angle φ. The pendulum rod is not actuated. The distance between the joint and the mass center of the pendulum rod is of length of r. The angle of the pendulum rod with respect to the vertical direction is denoted as angle θ. The external torque, the control input acting on the arm, is desired to stabilize this highly nonlinear system at the unstable equilibrium point satisfying general performance criteria. The control objective is to set angle of the pendulum θ and angular velocity θ  all to zero.
By applying Euler-Lagrange equation or the generalized projection method, the system can be represented by the dynamical equation (34). Notice that the arm is assumed to have both viscous and coulomb friction, while the pendulum only viscous friction. The effect of lubrication is not taken into account in our friction model. To accommodate the effect of unmodeled interference and disturbance, we introduce the 1 2 , ε τ ε θ
The physical quantities with their measured values for simulations are summarized in the following table. 
The simulation results are given as follows in Fig.2-3 for the performance criteria of mixed NLQR-H ∞ . It shows that the new proposed control approach effectively stabilizes the Furuta pendulum system.
V. CONCLUSION
This paper addresses nonlinear system control design with general nonlinear quadratic regulator and quadratic dissipative criteria to achieve asymptotic stability, quadratic optimality and strict quadratic dissipativeness. For systems with unstructured but bounded uncertainty, the linear matrix inequality based sufficient conditions are derived for the solution of general performance criteria control. Our results unify the existing results on state dependent Riccati equation control, robust H ∞ , positive real control and sector bounded control. The relative weighting matrices of these criteria can be achieved by choosing different coefficient matrices. The optimal control can be obtained by solving LMI at each time step. The Furuta swing-up pendulum control, which is a benchmark under-actuated nonlinear control system, is used as an example to demonstrate its effectiveness and robustness of the proposed method. The simulation studies show that the proposed method provides a satisfactory alternative to the existing nonlinear control approaches. 
